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Abstract 

In this article we establish an explicit link between the classical theory of 
deformations a la Gerstenhaber (and a fortiori with the Hochschild cohomology) 
and (weak) PBW-deformations of homogeneous algebras. Our point of view 
is of cohomological nature. As a consequence, we recover a theorem by R. 
Berger and V. Ginzburg, which gives a precise condition for a filtered algebra 
to satisfy the so-called PBW property, under certain assumptions. 
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Introduction 

Given a graded /c-algebra A = TV/ (R) with R C there are two available 
notions of deformation of A: PBW-deformations and weak PBW-deformations, as 
defined by R. Berger and V. Ginzburg in |5] and classical deformations (after M. 
Gerstenhaber). The main goal of this article is to construct explicit equivalences 
between these concepts, under suitable hypotheses. Our construction is strongly 
related to Hochschild cohomology theory. One of our main motivations is to 
study the deformation theory of several examples of (graded) iV-Koszul algebras 
of interest, and since the Hochschild cohomology of many of these algebras is 
known, we believe that it is quite fruitful to have such a direct connection. 

We shall briefly explain our results in more detail. We consider a semisim- 
ple ring k containing a field F of characteristic zero, such that k'^ = fc ® f k°P is 
semisimple. Let A = TV/{R) be an A^-homogeneous fc-algebra {i.e. R C y^^). 
We are interested in studying filtered algebras U = TV/{P) with P C ®f^i^V®\ 
such that R = ttn{P), for ■ TV the canonical projection, which satisfy 

an extra property: the surjective morphism of graded algebras p : A ^ gr(C^) 
induced by the projection TV J7 is an isomorphism. In this case U is called a 
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PBW-deformation of A. The condition of p being injective is equivalent to an infi- 
nite number of equalities between certain fc-bimodules given by intersections of 
tensor powers of V and R (see Subsection l2.H . The filtered algebra U is said to be 
a zoeak PBW-deformation of A if only two of this set of equalities are satisfied (see 
(l2ll and lO). 

We provide explicit constructions under the hypothesis that Torj^(fc, k) is con- 
centrated in degree + 1, as follows: given a graded deformation of A we 
construct a weak PBW-deformation of A, and, conversely, given a weak PBW- 
deformation of A we construct a graded deformation, such that both construc- 
tions are inverse up to equivalence. They are completely explicit (see Subsections 
I2.4l and [2.4b . On the other hand, it is well-known, without the assumption on the 
torsion group of A, that for any filtered algebra U satisfying the PBW property 
one can naturally obtain a graded deformation At of A by considering the Rees 
algebra R{U), and conversely, given a graded deformation At of A, one obtains a 
filtered algebra U satisfying the PBW property taking a generic fiber At/{t — 1). 
These two constructions provide quasi-inverse functors for the respective cate- 
gories. Finally, imder the assumption that TorJ^(fc, k) is concentrated in degree 
+ 1, we notice that the explicit constructions we defined in fact coincide with 
the previous general ones, implying Theorem 1.2 and Theorem 3.4 of 121/ which 
state that the notion of a weak PBW-deformation and of a PBW-deformation coin- 
cide if Tor;^ (fc, k) is concentrated in degree N + 1. We would like to point out that 
the procedure exhibited here allows to find the deformed product of At explicitly 
from the filtered algebra, even though the computations are often very hard to 
perform in general. 

We would also like to remark that a similar construction has been already 
considered in the (second part of the) proof of Theorem 1.1 of the article [i6] of G. 
Floystad and J.E. Vatne. However, the mentioned proof contains a mistake. More 
precisely, following the notation of that article, on page 122, after the identity 
defining 7 on line 22, it is stated that 700- vanishes. This is not necessarily true, 
because there is in principle no identification of the Koszul resolution A', inside 
the bar resolution B,, which is compatible with taking brackets [1, — ]. In fact, this 
can also be noticed from the fact that the recursion formulas for the cochains giv- 
ing the deformed product corresponding to a weak PBW-deformation explained 
in Proposition 12 . 1 1 l of Subsection l2.4l are indeed more complicated. 

The article is organized as follows. In the first section we recall some gen- 
eralities about the theory of A^-homogeneous algebras over a (not necessarily 
commutative) semisimple ring k containing a field F of characteristic zero, such 
that k"^ ^ k ®p k"P is semisimple, and make an intensive study of the (reduced) 
Hochschild resolution and a "Koszul-like" projective resolution of bimodules of 
an A^-homogeneous algebra satisfying some vanishing condition on the torsion 
groups. In Section|2j we first recall general facts on PBW-deformations and weak 
PBW-deformations of A^-homogeneous algebras and the classical graded defor- 
mation theory a la Gerstenhaber. Later, in Subsections 12.31 and 12. 41 we establish a 
link between these concepts. Finally, in Section |3] we prove the main results of 
this paper, namely Theorems 13. 1[|33] and l33] and we give several examples. 
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1 Generalities 

From now on, k will be a (not necessarily commutative) semisimple ring con- 
taining a field F of characteristic zero. We consider fc"" = k k°P. We assume 
further that k'^ is semisimple. By k-bimodule we will always mean a fc-bimodule 
such that the action of F is symmetric, i.e. a.m = m.a, for all a G F, and m in the 
fc-bimodule M. Note that we do not assume the action of k on the bimodule to be 
symmetric. It is clear that this definition of fc-bimodule is equivalent to the notion 
of a (say left) fc*^ -module. As a matter of notation, all imadorned tensor products 
(g) are over k. 

A k-algebm denotes a monoid object in the monoidal category of fc-bimodules, 
i.e. it is a fc-bimodule A provided with a morphism : AigjA — !> A of fc-bimodules, 
which will be denoted /i(a <E> a') = a. a', and an element 1 G A, such that /i is 
associative, l.a = a.l ^ a, for all a G A, and c.l = l.c, for all c G k. Equivalently, 
a fc-algebra is a ring A provided with a unitary ring ho mo morphism : k ^ A 
where lm{iA) is not necessarily contained in Z(A). For n > 2, /i*^"' : A 
will denote the morphism of fc-bimodules defined recursively by /i'^' = /i and 
^(n+i) „ ^{n) o (g) for 71 > 2. A morphism from a fc-algebra A to a 

fc-algebra B is a ring homomorphism f : A ^ B such that f o ij^ = ig. 

A graded k-bimodule will be a fc-bimodule V together with a decomposition as 
a direct sum of fc-bimodules V = ©nGzKi- A morphism of graded fc-bimodules 
is just a degree preserving morphism of fc-bimodules. The category of graded 
fc-bimodules is monoidal in the obvious manner. We will denote the homomor- 
phism group between two graded fc-bimodules M and M' by homfee (A/, A/'). 
The shift functor (— together with its iterations, is defined in the usual way, 
and we recall that the internal group of homomorphisms between two graded fc- 
bimodules M and M' is given by T^omfce (Af, A/') = ©igzhonifce (Af, M'[i]). More- 
over, a graded k-algebra is a monoid object in the monoidal category of graded 
fc-bimodules, i.e. a fc-algebra provided with a decomposition of fc-bimodules of 
the form A = (Bn^zAn such that I e Aq and A„ .A,n C A„+m, for all n, m G Z. In 
fact, we shall usually assume that A = ©„gNo^Ti- 

Given a graded fc-algebra A, a graded left A-module M is given by a graded 
fc-bimodule structure on A/ together with a morphism of graded fc-bimodules 
p : A ® Af — > A/, which will be denoted by p{a ® m ^ a') — a.m, for a G A and 
m G A/ satisfying the usual mixed associative axiom, i.e. a.{a' .m) = {a.a').m, 
for all a, a' G A and G Af, and that l.rn = m, for all m G A/. As usual, a 
morphism of graded left A-modules is just a degree preserving morphism of A- 
modules, and the homomorphism group between two graded left A-modules M 
and A/' will be denoted by homA{M, M'). We note that shift functor (-)[!] may 
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also be defined on a graded left ^-module M, where the underlying structure 
of graded fc-bimodule is the same as before, and the obvious action. As in the 
previous case, the internal group of homomorphisms between two graded left 
A-modules M and M' is given by UomA^M^M') = ©igzhom^(M, M'[i]). The 
usual definition of graded right A-module and graded A-bimodule are analogous, 
and using the obvious structure of graded fc-algebra onA^ = A^ we also see 
that the notion graded A-bimodule and graded (say left) -module coincide. 

Let be a positive integer, > 2. By complex (resp. N-complex) we mean 
a nonnegatively graded module over a fc-algebra A, provided with an endomor- 
phism d of degree —1 such that = (resp. = 0). 

We note that, since k is semisimple, it is von Neumann regular, so all the 
considerations in [2], Section 2, in order to properly consider the notion of Koszul 
algebra also apply to this case. Let A = TV/ {R) be an N -homogeneous algebra, 
where is a fc-bimodule (considered to be concentrated in degree 1) and R is 
a fc-subbimodule of In this situation, we shall identify A/k with the k- 

subbimodule /+ of A spanned by elements of strictly positive degree. We will 
make use of the number fimction given by 

C : No -> No 

I Nm, if n = 2m, 

CM = < 

[Nm + l, ifn = 2m + 1. 

For n e No, define Wn the fc-subbimodule of given by T/®" if n< A^, and by 

if n > iV. Then W, = V^', lor i = 0, . . . ,N - 1,Wn ^ R, and Wn+i = {R(g>V)r\ 
{V (8) R), which we shall also denote by Rn+i- Note that W„ may be regarded as 
a graded fc-bimodule concentrated in degree n. 

We recall the bimodule Koszid complex {K,{A),d,) of A, defined in ||3l for the 
case that fc = F is a field. First, we consider the graded A-bimodule given by 
{A (g) Wn A)„gNo- Then, for each n eN, there are two A-bimodule maps 

d^,d^ : A®Wn«i A ^ A^ Wn-i A 

given by 

d^(ao • • • (8) a„+i) = ooci (g) 02 • • • ® a„+i, 
dniao (8) ■ • ■ a„+i) = ao ® • • • ® a„_i ® a„a„+i. 

We note that d^ and d^ commute. We shall denote an element a(8)Q®6GA(g) 
Wn (3 A, where a, 6 G A and a £ W„, in the shorter form a\a\b. 

If (7 is a primitive A^-th root of unity, we consider the map of A-bimodules 

dn'- A(S,Wn'»A^ A(» Wn-1 «> A 
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given by df^ = - i?""^^. It is trivially verified that {{A (g)W,(g) A), d^) is an 
A^-complex. The bimodule Koszul complex {K,{A),d,) of A is the {1,N — 1)- 
contraction of the previous A^-complex, that is A'„(A) = A (g) ® ^ with dif- 

ferential d, given by the corresponding successive composition of the differential 
of the previous iV-complex. It is easy to see that 

"ATm+l "'Nm + l' 

^N{m-l)+2 ■ ■ ■ ^Nm + '^W()ri-l)+2 ' ' • '^Nm 

N-3 

+ d^(m-l)+2 ■ ■ ■ ^Nin-i-ldNm-i ■ ■ ■ ^Nm^ 

We thus notice that the A^-th root of imity is in some sense superfluous, since 
we may define the Koszul complex without invoking it. The algebra A is called 
Koszul if the bimodule Koszul complex {K, (A) , d, ) is a resolution of A-bimodules 
of A for the map do = ^ : A'o {A) ^ A ^ A ^ A given by the product fi of A. We 
recall that the category of A-bimodules is equivalent to the category of (say left) 
modules over A'^ = A A°p (not over A"^ = A ®k A°p, because we are not 
considering symmetric fc-bimodules!). Moreover, since TLomA' {A Wn ® A, — ) ~ 
Honik" {Wm — ), we see that the bimodule Koszul resolution consists of projective 
graded A-bimodules, i.e. projective graded left A'^ -modules. 

For our purposes, we will be interested in a weaker condition than that of 
being Koszul: we shall suppose that A is an A^-homogeneous algebra satisfying 
that Tor;^(fc, k) is concentrated in degree + 1. This is equivalent to say that 
there exists a projective resolution (of graded A-bimodules) of A that coincides 
with the one given by the Koszul bimodule complex for homological degrees 
less than or equal to three (see [2], Sec. 2). This assumption comes from the 
fact that all the computations we shall perform in this article are restricted to 
those homological degrees. In this case, we shall still denote by K, (A) the former 
projective resolution (of graded A-bimodules) of A, and call it minimal. 

The (graded) Hochschild complex {C,{A),b,) of Ais given by C„ (A) = A^A®"® 
A, for 71 G No, with differential 

n 

bn{aQ ® • ■ • ® a„+i) = ^(-l)'ao • • ■ (g) 0^0^+1 ® • • • (g) a„+i, 

i=0 

for n G N. We will also write ao| . . . |a„+i instead of aq ® • • ■ (X) a„_|_i. This com- 
plex gives a projective resolution C,{A) A of A in the category of (graded) 
A-bimodules provided with morphisms of degree zero via bo = jj, : A (S^ A —i' A, 
called the Hochschild resolution. Moreover, we may consider the reduced (graded) 
Hochschild resolution (C, (A), b,) of A. The underlying graded A-bimodule is given 
by CniA) = A ® (A/fc)®" (g) A, for n G No, so there exists a canonical projec- 
tion pn : Cn{A) -> Cn{A), and the differential fe„ is induced by 6„, for G N, 
such that p, becomes a morphism of complexes. It gives a projective resolution 
of A in the category of (graded) A-bimodules provided with morphisms of de- 
gree zero, called the reduced Hochschild resolution C,{A) A of A. Using the 
identification between A/k and the fc-subbimodule of A spanned by the strictly 



if n = 2m + 1, 



(1.1) 



if n = 2m. 
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positive elements of A, we will usually denote an element of Cn (A) simply by 
ao ® ai • • • (E)a„ ® a„+i, or ao|ai| . . . |a„|a„-|_i, where deg(a,i) > 1, for i = I, . . . ,n, 
instead of the more correct oq ® [ai] (X) • • • ® [a„] (8) a„+i (or ao|[ai]| . . . |[a„]|a„+i), 
where [a] £ A/k is the class of a G A. Furthermore, if by chance there exist 
i G {1, . . . ,n} such that deg(ai) = 0, we may also consider ao\ai\ . . . |a„|a„-|.i as 
the zero element of Cn(A). We remark that, imder this identification, &„ is the 
restriction of b„to A® if" A. 

If M is a graded A-bimodule, the graded Hochschild cohomology groups of A 
with coefficients in M, which will be also denoted by H* {A, M), are given by the 
cohomology of the cochain complex 

UoruA^ (C. {A) , A/) = liom^e (C. {A) , M [j] ) 

~ ?^omfc=(A®', Af) = 0homfee(A®',M[.7]) 

with the induced differential, and where hom(— ) is the set of degree pre- 
serving homomorphisms. Again, these cohomology groups can be computed 
using either the complex 'HomA'{C,{A), M) or HomA= (^.(A), A/). If A/ ^ A 
again, we shall write HH'{A) instead of H'{A, A). In this case, we know that 
H'{A,M) ~ £xt\^^^^{A,M), the relative derived functors of Hom.4<=(A, -). We 
see that H' (A, M) has an internal grading or weight that comes from the gradings 
of A and M, which we shall denote by H'{A, A/),. 

Before proceeding further, we shall state some notation. Let us consider a 
positive integer p < n and a subset / = {ii < ■ • • < im} of {1, . . . ,p}. Given 
a decomposition n = ni + ■ • ■ + of n {uj G No) satisfying that Ui. = 1, for 

j = 1, . . . , m, we define the collection of fc'^-linear maps ■ ■ "p' homogeneous 
of degree zero given by the canonical map '"p) ■ y®ni A, \i i ^ I , and 

^(ni,...,np) _ Xy, if i G /. Then, considcr the map par(„^ _ j = gj"^" "'""^ (g) • • • (g) 
^(jii,...,np) ^ SO it is a map from F®" to 

We now define the maps par^^^ „ ^ j and Parp^ from F®" toA(g)V"®A(g)y(g) 
■■■®V®A®V®A, where the fc-bimodule V appears m times in the last tensor 
product. The former is given by the composition of 

and par(„^ np)./- The latter is defined as Parpj = X^P^-r^n^ „ ) /, where the 
last sum is indexed over all decompositions (ni, . . . , rip) of n such that = 1, 
for j = 1, . . . , m. In general, we shall write 

Parpj(Q;) = a(i) ® (5(2) ® a(3) ® • ■ • ® Q!(2m-1) ® "(2™) ^ Q!(2m+1), 

where the bars are used for the elements with indices in /. We remark that in the 
previous expression a sum over all decompositions of a in p terms such that the 
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ones with bars belong to V is implicit. For instance, if a = wi . . . u„ s we 
denote 

Par3^{2} («)="(!) |'5(2) |a(3) £ A ® F A 

the sum over all decompositions of a such that the term with the bar (5(2) belongs 
to V, i.e. it is given by 



71-2 



l|wi|w2 ...Vn + ^Vi. . . Vi\vi+i\Vi+2 ...Vn+Vi. . . i;„_i |w„ 1 1. 
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This should be seen as a similar notation to Sweedler's one for coproducts. We 
emphasize that each term a^jj is homogeneous and may be (and shall be) taken 
equal to 1 if it has degree 0. 

The following remarks are easy consequence of the definitions: 

Fact 1.1. Ifa^vi... Vn £ V®" and ^ = wi . . . w,„ G T^®™, then 



(a/3)(i)|(a/3)(2)|(a/3)(3) = "(i) 1^(2) |a(3)/3 + |/3(2) 1/3(3) • 

Fact 1.2. If a = vi . . . u„ G F*^", /et ms consider Q;(i)|a(2)|Q!(3) G A ^ V A C 
A^ A® A. Then, 

^i("(i)l"(2)|a(3)) = "(i)a(2)|a(3) - "(i) |a(2)a(3) = "|1 ^ 
We see that 

d2(l|r|l) = r(i)|f(2)|r(3), (1.2) 

d3{l\w\l) = -Wjlsill - l|ri|wj = «)(i)|it;(2)|l - l|ti;(i)|w(2), (1.3) 

where r e R, and w = J2iei ^i^i = Sie/ '"i'^i & {V ® R) ^ {R ®V) = Rn+i, for 
Ui, Vi G r;, Si G R and a finite set / of indices. We have omitted the sum in 
(II. 3t and we shall do so for the t3'pical elements of i?Ar+i: we shall simply write 
w = TiUi = ViSi. Moreover, the previous choice of letters will be the usual one to 
denote elements of R and i?Ar+i, unless we say the contrary. 

Since both the Hochschild and the minimal bimodule resolutions are projec- 
tive resolutions of graded A-bimodules of A, there exists imique (up to homo- 
topy) comparison morphisms of graded A-bimodules <j, : K, [A] — > C, {A) and 
T, : C,{A) — !> K,{A). We define the morphisms of graded A-bimodules given by 
the extension of the following expressions 

(To = U ® U, (SIGMAo) 

ai = lA® incycA ® 1a, (SIGMAi) 

a2(l|r|l)==l|r(i)|r(2)|r(3), (SIGMA2) 

a-i{l\w\l) = l\vi\s,^(i)\si^(^2)\si,(z) = l|u;(i)|'u;(2)|w(3)|w(4). (SIGMA3) 

We define ct, = p, o a,. It is easy to see that cr^di = biai and <Jid2 = b2(72- These 
identities immediately imply that aodi = biai and aid2 = ^2^2 hold. We shall 
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check that a2d3 = fescrs, which also yields 0-2^3 = 630-3. On the one hand, we see 
that 

63(73(11^11) = 63(l|i;i|Si,(i)|Si,(2)|Si,(3)) 

= Wi|Si,(l)|Si,(2)|Si,(3) - lK'iSi,(i)|Sj^(2)|Si,(3) + l|fi|Si,(i)Si,(2)|Si,(3) 
- l|Wi|s»,(l)l^',(2)S»,(3) 

= Wi|Si,(l)|Si,(2)|Si,(3) - lK'iSi,(l)l^^(2)Ni,(3) + - 
= Wiki,(l)|s^(2)|Si,(3) - l|^'iSi,(l)l^^(2)l^i,(3); 

where we have used Fact ll.2l and that l|t'i|si|l = l|?;i|l|si = since each Si van- 
ishes in A. On the other hand, 

0-2^3(11^11) = <J2ivi\si\l - l\ri\ui) 

= t^iki,(l)|Si,(2)|Si,(3) - lki.(l)l^i.(2)ki,(3)Wi- 

The equality 02^3 = 630-3 then follows from the simple result: 

Fact 1.3. Ifw = riUi = v^Si G RN+i,for Ui,Vi G V, ri,Si G R (summation under- 
stood), then 

lkiSi_(i)|sj^(2)|sj^(3) = l|ri^(i)|fi^(2)|rj,(3)Ui. 

Proof. We point out that in the first member of the previous identity we are 
considering the decompositions of w in three terms where the first one has degree 
greater than or equal to 1 and the second one has degree 1, whereas in the second 
member we consider the decompositions of w in three terms where the second 
one has degree 1 but the third one has degree greater than or equal to 1. 

We may decompose the sum l|fiSi (i)|si (2)|si (3) in two separate cases: when 
Si (3) g fc (in which case, it is equal to 1) and when Sj (3') has degree greater than 
or equal to 1. We may write this as 

l|^'iSi^(l)|Si^(2)|Si^(3) lbjSj^(i)|Sj_(2)|Si,(3) + l|wiSi,(i)|s,,^(2)|l. 

" V ' 

dcg(si_(3))>0 

The same reasoning applies to l|?'i^(i) |ri,(2)|''i.(3)'«i/ to give 

1^4,(1) l?'4,(2)l''«,(3)«« = Ikj.(l) 1^4,(2) ki,(3)'^« + l|l|?'»,(l)l''»,(2)"i- 
" V ' 

dog(i-i (i))>0 

However, since the terms l|fiSi,(i) |si,(2) |1 indicate all the decompositions of w 
in two terms such that the second one has degree 1, we see that ll^is^ (i)|si (2)|1 = 
l|ri|uj|l, which vanishes, since l|ri|ui|l G C^^A) and = in A. A similar 
argument implies that l|l|fj (i)|rj^(2)Wi = l|l|ui|si G C2{A) vanishes. 

Hence, we only have to prove that 

l|WjSi.(l)|Si,(2)|Sj.(3) = lkt.(l)l?'j,(2)kj,(3)"i- 

V ' '■ V ' 

dog(si,(3))>0 dcg(ri(i))>0 
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This identity holds, since both members are built from the decompositions of w 
in three terms, where the first and third ones have degree greater than or equal to 
1, and the second one has degree 1. □ 

Definition 1.4. Given an homogeneous element l\ai\ . . . |a„|l e C„(A) (resp. ai 

■ ■ - iSian € A^"), we shall say that it is A^-normalized ff dcg(ai) H hdcg(a„) < N. 

Since N is fixed throughout this work, in both cases we will more simply say that it is 
normalized. 

VT.;ei l|all ■ • • e C„(A) (resp. J2^eI al ® • • • ® aj, e A®") satisfies that 
deg(al) + •■• + deg(aj,) = N, deg{a\) , deg{al) > and E.e/ «1 ■ • • < = « 
A (i.e. it belongs to R as an element of the tensor algebra TV), we shall say that 
Yliei l|"il ■ • ■ kn|l (i'£sp. al (8) • • • aJi S A'^") is a relation decomposition. 

This could be also abbreviated by rel. decomp. 

Finally, l|ai|a||4ll G C^^A) (resp. X^ig/aj ® a| ® aX, £ A*®^) satisfies 

that dcg(ai) + deg(a2) + deg(a3) = N + 1, deg{a\), deg(a3) = 1 and I]jG/ '^i"2«3 S 
Rn+i as an element of the tensor algebra TV, we shall say that X^ig/ 1 l^i 1^2 1^3 1 1 fresp- 
Eie/ a\®a\®a\ & A^^) is a double relation decomposition. It will be occasionally 
abbreviated by double rel. decomp. 

Using the identification A/k ~ I+, we have the analogous versions of the previous 
three definitions for elements of Cn{A) or (A/fc)®", ivhich will be called in the same 
way. We zvould like to note that the set of homogeneous elements in C„(A) (resp. A®", 
Cn{A), (A/k)^") which are normalized form a k-subbimodule. The same applies to 
the set of homogeneous elements which are relation decompositions, or double relation 
decompositions. 

We partially define the morphisms of A-bimodules r, as follows: 

TO = 1a ® U, (TAUo) 

ri(l|a|l) = a(i)|a(2)|a(3), ifdeg(a)<Af, (TAUi) 

r2(l|a|b|l) = 0, if l|a|6|l is normalized, (TAU2,i) 

r2(l|ai|6i|l) = l|r|l, if r = aj ® h is a rel. decomp., (TAU2,2) 

r3(l|a|6|c|l) = 0, if l|a|6|c|l is normalized, (TAU3,i) 

T-i(l\ai\hi\ci\l) = if r = ^ tti ® bi 8 Ci is a rel. decomp., (TAU3,2) 

r3(llai|6i|cill) = ll^ll, if ui = ^ Oi 8 6i (g) d is a double rel. decomp. (TAU3,3) 

We remark that the previous identities induce maps f, from C,{A) to K,{A) 
(partially defined on the image under p, of the domain of definition of r,). It is 
trivial to verify that ro&i — diTi holds, wherever ri is defined. We shall check 
that ri&2 = c^2'''2 and T2b3 = ^3X3 are verified where we have defined them. These 
identities would imply that fo^i = difi, fi62 = d2t2 and f2b3 = d^fs hold where 
they are defined. These maps can be extended to complete morphisms of com- 
plexes of -modules r, : C,(A) K,{A) and f, : C,{A) K,{A), giving 
quasi-isomorphisms, by the semisimplicity assumption on fc"^. 
Let us start with Tib2 = d2T2. 
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• If we apply ^2^2 to a normalized element of the form l|a|6|l, we see that 
d2T2(l[a|6|l) = 0. On the other hand, 

Ti62(l|a|5|l) = Ti{a\b\l - l\ab\l + l\a\b) 

= a^(i) 1^(2)1^^(3) - (a&)(i)l(a&)(2)IH)(3) + a(i) |a(2) |a(3)^ 

which trivially vanishes by Fact ll.ll so Tife2 = ^2^2 for the elements l|a|6|l, 
with dcg(a) + dcg(6) < N. 

• If we apply d2T2 to a relation decomposition of the form l|ai|6i|l (with 

= Y^tei^i ® bi), we see that d2T2{l\ai\b^\l) = d2{l\r\l) = r-(i) |f(2) |r(3). 
Analogously, 

Tib2{l\ai\bt\l) = Ti(aj|6,(|l - l|ai6j|l + l|a,|6i) 

= ai^i,(l) 1^1,(2) 1^4,(3) + 0-i,{l)\o-i,{2)\at,(3)bi, 

since l|ai&i|l = l|r|l £ Ci{A), which vanishes. Now, using that 

r{i)\r{2)\r{3) = 0^6^,(1) |6i^(2) (3) + ai^(i) |ai^(2) |aj,(3)&i, 
we conclude that T162 = c?2'''2 where we have defined it. 
Let us now prove that T263 = d^r^. 

• If we apply d^r^ to a normalized element of the form l|a|&|c|l, we see that 
d3T3(l|a|6|c|l) ~ 0. On the other hand, 

T263(l|a|6|c|l) = T2{a\b\c\l - l|a6|c|l + l|a|6c|l - l|a|6|c), 

which trivially vanishes by | TAU2,i| , so r2fe3 = ^3X3 for the elements of the 
form l|a|6|c|l, with deg(a) + dcg(fe) + dcg(c) < N. 

• If we apply d^r^ to a relation decomposition of the form l|ai|6i|ci|l, we see 
that d3T3{l\ai\b^\ci\l) ^ 0. Also, 

T2&3(l|a,;|&i|ci|l) = T2{ai\bi\c^\l - l\aibi\c^\l + l|ai|6,Cj|l - l|ai|6,|ci) = 0, 



where we have used (TAU2.1 since dcg(ai), dcg(ci) > 0. 

If we apply ^3X3 to a double relation decomposition of the form l|ai|fei|ci|l 
(with w = ® bi a), we see that d3T3(l|a,;|6i|ci|l) = d3{l\w\l) = 

ai\biCi\l — l\aibi\ci. We note that, it w = rjUj = ViSi, then ai\biCi\l = Vi\si\l 
and l\aibi\ci = l\ri\ui, since, for the first identity, each member is a decom- 
position of w in two terms such that first one has degree 1, and the argument 
for the second identity is analogous. On the other hand, 

T2b3{l\ai\bt\ci\l) = T2{ai\bi\ct\l - l|ai6i|cj|l + l|ai|fejCj|l - l\ai\bt\ci) 
= ai|6,c,|l - l\aibi\ci, 

where we have used that l|aifei|ci|l = l|r,;|Mi|l and l|ai|feic,;|l = l|u,;|si|l 
vanish in C2 (A), and ( ITAU2.2 ' for the other two terms. We conclude that 
T263 = d^T^, where we have defined it. 
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Finally, there exist homotopies s, and t, for • G No, which are morphisms of 
A-bimodules, on the complexes C, (A) and K, {A), respectively, such that 

bn+lSn + Sn-lbn ~ lc'„(A) ~ CT„-f„, (1-15) 

and 

dn+ltn + tn-ldn = ^K„{A) — Tn&n, (1-16) 

hold for n G No, respectively. We set 

5-1=0, (S_l) 

So = 0, (So) 
si(l|a|l) -l|a(i)|a(2)|a(3),if dcg(a) < N, (Si) 
S2(l|ai|6i|l) = l|ai|5i^(i)|6,,(2)|5i,(3), 

if 1 1 ai 1 6i 1 1 is normalized or a relation decomposition, 
S3(l|ai|6i|ci|l) = -l|a^|6j|c,,(i)|c,,(2)|ci^(3), 

if l|ai|6i|ci|l is normalized, a rel. decomp. or a double rel. decomp. 

Note that in fact S3 ( 1 1 a; 1 6i | q 1 1 ) vanishes if 1 1 1 6i | Ci 1 1 is a double relation decom- 
position. 

As previously indicated, the semisimplicity hypothesis on k'^' tells us that 
these maps can be extended to complete morphisms of A'^-modules s, : C, (A) 
C,+i{A) satisfying the identity | |1.15| |. We see clearly that ^CoiA) ~ '^ot'o = ^i^o + 
s_i5o holds. Moreover, | |1.15l l for n = 1 is also verified, since, for dcg(a) < A^, 

(lci(A) - CTifi)(l|a|l) = l|a|l - a(i)|a(2)|a(3), 

and 

(^2Si + so6i)(l|a|l) ^ 62(-l|a(i)|a(2)|a(3)) 

= -a(i)|a(2)|a(3) + l|a(i)a(2) |a(3) " |a(2)a(3) 
= -a(i)|a(2)|a(3) + = - a(i)|a(2)|a(3), 

where we have used Fact ll.2l in the penultimate equality. 

We shall now check that 111. 151 holds for n = 2 when applied to a normalized 
l|a|6|l, or to a relation decomposition l|aj|5i|l. 

• If we apply I ll.lSt for n = 2 to a normalized element of the form l|a|6|l, we 
see that (1c2(a) - ^2r2)(l|a|6|l) = l|a|6|l, since f2(l|a|6|l) = 0. On the other 
hand, 

si62(l|a|6|l) = si(a|6|l - l|a6|l + l|a|6) 

= -a|fo(i)|&(2)l^3) + l|(afe)(i)l(a&)(2)l(a&)(3) - |a(2) |a(3)& 

= -a|6(i)|&(2)|6(3) + l|a6(i)|6(2)|6(3), 
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where we have used Fact ll.ll Besides, 

63S2(l|al6|l) = 53(l|a|6(i)|6(2)|6(3)) 

= a|6(i)|6(2)|^(3) - l|a&(i)l^2)|fe(3) + l|a|^(i)^(2) 1^(3) 
- l|a|6(i)|6(2)6(3) 

= a|^(i)l^2)|^(3) - l|a&(i) 1^2) 1^(3) + 

where we have used Fact 11.21 in the last equality. By adding the previous 
computations, we see that 111. 151 holds for n = 2 when applied to l|a|6|l if 
dcg(a) + dcg(6) < N. 

• If we apply ill. 151 for n = 2 to a relation decomposition 1 1 1 6i 1 1 (with r = 

J2iei ® ^»)' 

(lc,(A) - fT2f2)(l|a,|6,|l) = l|a,|6,|l - a2(l|r|l) 

= l|ai|5i|l - l|ai6i,(i)|6j,(2)|6i,(3) - l\ai^(i)\a,^^2)\aiX3)bi- 

On the other hand, 

sib2il\ai\bi\l) = si{ai\bi\l + l\ai\bi) 

= -ai|^i,(i)l&i,(2)l^i,(3) ~ 1^1,(2) |ai,(3)&ij 

where we have used that the elements l|aifei|l = l|r|l in Ci(A) vanish. 
Also, 

b3S2{l\ai\bi\l) = fo3(l|ai|&i,(i)|6i,(2)|&j,(3)) 

= ai|6i,(i)|6i,(2)|6i,(3) ~ l|ai^^i,(i)|&i,(2) 1^1,(3) 

+ l|ai|&i,(l)^i,(2)l^i,(3) ~ l|ai|^i,(l)|&i,(2)&i,(3) 

= aj|&i,(i) 1^1,(2) |^i,(3) - l|ai^i,(i)l^i,(2)|6i,(3) + l|ai|^i|l: 

where we have used Fact 11.21 in the last equality. Adding both computa- 
tions, we see that II1.15II holds for n = 2 when applied to l|ai|5i|l, with 
= Y^zei a* ® bi e R, deg(ai), deg(6j) > 0. 

We shall now check that Ill.l5ll holds for n = 3 when applied to a normal- 
ized l|a|6|c|l, to a relation decomposition or to a double relation decomposition 

l|ai|5,;|ci|l. 

• If we apply 1 11.151 for n = 3 to a normalized element or to a relation decom- 
position of the form l|ai|6i|ci|l, we see that (Ic'siA) ~ o-3f3)(l|ai|6i|ci|l) = 
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l\ai\bi\ci\l, since T3(l|ai|5i[cj;|l) = 0. On the other hand, 

S2b3iMai\bi\c^\l) S2{ai\bi\ci\l ~ l\aibi\ci\l + l|ai|6,;c,|l - l\ai\bi\ci) 

= ai|^i|Ci,(l)|Ci^(2)|Ci (3) - l|a,;6,;|Ci^(i)|Ci_(2)|Ci^(3) 

+ l|aj|(6iCi)(i)|(6iCj)(2)|(&jCj)(3) - l|at|foi,(i)|&i,(2)|&i,(3)Ci 
= ai|^j|cj,(i)|ci_(2)|ci^(3) - l|ai6i|ci^(i)|ci_(2)|cj^(3) 

+ 1^1,(2) l^i,(3)Ci + l|ai|^iCi^(i)|Cj^(2)|Ci^(3) 

- Mai\bi,{i)\bi^(2)\biX3)Ci 

= ai\h\ci,(i)\ci^^2)\ci,{3) - l|ai^i|ci,(i)|cj,(2)|ci,(3) 
+ Mai\biC,,(i)\c,^(2)\ciX3)^ 

where we have used Fact ll.ll Besides, 

b4S3{l\ai\bi\ci\l) = 64(-l|a.i|6i|ci,(i)|cj,(2)|ci,(3)) 

= -ai|6i|ci^(i)|cj_(2)|cj_(3) + l|aj6j|cj_(i)|ci^(2)|cj^(3) 
- l|ai|6iCi^(i)|cj_(2)|ci^(3) + l|aj|6^|ci|l, 

where we have used Fact ll.2l in the last equality. The addition of these com- 
putations tells us that 111. 151 holds for n = 2 when applied to a normalized 
element or a relation decomposition. 

If we apply | |1.15l l for n = 3 to a double relation decomposition l|ai|6j|ci|l 
(with w = J2iei o.i®bi® Ci, w = TiUi = ViSi), we see that 

(^C'3(A) - &3T3){^ai\b^\c^\l) = l|aj|5i|ci|l - CT3(l|w|l) 

= l|ai|fei|ci|l - l|ai|(6iCi)(i)|(6iCi)(2)|(6iCi)(3) 

= l|ai|&i|c,|l - l|ai|6i_(i)|6i^(2)|6j,(3)Ci 
- l|ai|6iCj_(i)|cj_(2)|cj^(3) 

= ~l|ai|^i,(l)l&i,(2)l^j,(3)Cij 

where we have used that l|aj|5,;Ci_(i)|ci_(2)|ci.(3) = l|ai|6i|ci|l, for the degree 
of Ci is one. On the other hand, 

S2^3(l|ai|&i|ci|l) = S2{ai\bi\ci\l - l|ai|6,|ci) 

= -l|ai|^i,(l)l^j,(2)l^t.(3)Ct, 

where we have used that l\aibi\ci\l = l\ri\ui\l and l|ai|6iC,;|l = l|u,;|si|l 
vanish in C2{A), and ai|6i|ci_(i) |ci^(2) |ci^(3) vanish in (73 (A). Also, 

64S3(l|a,|6i|cj|l) ^ 0, 

using that S3 vanishes on a double relation decomposition. We conclude 
thus that (11.151 holds for n = 3 when applied to a double relation decom- 
position. 
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The comparison morphism cr, : K,{A) — > C,{A) is an injection, for • = 
0, . . . , 3. Furthermore, the morphisms ct, and f, satisfy the following result. 

Lemma 1.5. According to the previous definition of the comparison morphisms a, : 
K,{A) C,{A) and f, : C,{A) K,{A) for • = 0,...,3, we see that t.ct, = 



1 



K.{A)- 



Proof. It is clear that tocto = 1a ^ 1a and ticti = l^i (g) ly (g) 1a- Moreover, 

f25-2(l|r|l) = T2(l|r(i)|r(2)|r(3)) 

= T2(l|r(i)|r(2)|r(3) + l|r(i)|f(2)|l) 
" V ' 

dog(r(3))>0 

= + f2(l|r(i)|f(2)|l) = l|r|l. 

Finally, 

f=3CT3(l|w|l) = r3(l|z;,|s,^(i)|s,,(2)|Si^(3)) 

= 'r3(l|^^j|Sj,(l)l^»,(2)|5i,(3) + lbikj,(l)|Si,(2)|Si,(3) + 1 1 I I Si, (2) 1 1) 

deg(si,(3))>l dGg(si(3)) = l 

= + r3(l|^i,(l)ki,(2)l?'j,(3)l"0 + ^3(lbiki,(l)|Si,(2)|l) = l|w|l, 

where w ~ ViSi = riUi G Rn+i and we have used that l|fi|si^(i)|si^(2)|si_(3) = 

l|^«,(l)l'"«,(2)l?'j,(3)l"i- 1^ 



Remark 1.6. The Lemma implies that we may choose t, = 0,/or < 



.2. 



We have thus obtained a partial description of both projective resolutions and 
their comparison in lower degrees that can be depicted as follows: 



■ A ® Rn+1 ® A — A(^ R(g) A — — 



A(SV (S) A-^ A® A-^ A^O 



■ A (g) ®aXa® (A/k)'^^ (8)A-^A® (A/k) (g)A-^A'(g)A-^A^O 



2 PBW-deformations and deformations a la Gersten- 
haber of homogeneous algebras 

In this section we shall briefly recall the definitions of PBW-deformations and 
of the (graded) deformations a la Gerstenhaber, which we will usually just call 
deformations. We shall also establish a link between both concepts. 
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2.1 PBW-deformations of homogeneous algebras 

We start recalling the definition of a PBW-deformation, and we mainly follow ||2l- 
We first recall that a filtered k-algebra S is a fc-algebra provided with an increasing 
sequence {F*B},^no of fc-subbimodules of B such that F"' B.F" B C F'^+'^B, for 
all m,n £ Nq, and 1b G F^B. As usual, such filtrations may also be seen to be 
indexed over Z, where the negatively indexed terms vanish. Given a fc-bimodule 
V, the tensor algebra TV has a filtration {_F'}.eNo defined by F' = ®]^oV®^ . 
Now, given P c F^, we shall consider the algebra U ~ TV/ {P), with the filtra- 
tion {F*[/},gNn induced by the filtration of the tensor algebra, i.e. F'U = tt{F'), 
where tt denotes the canonical projection from TV to U. Of course, tt is a mor- 
phism of filtered algebras. The filtration can be described more concretely as fol- 
lows: if (Py = F' n (P), then F'U = F' / {P)\ for i e Nq. If : TV ^ V^' is the 
canonical projection, let us denote R ~ ttn{P) and define the A^-homogeneous 
algebra A = TV/{R). 

Remark 2.1. We remark the standard fact that, even though the ideal {P) coincides with 
T,^.3>o V^'PV®^, (P)" may be strictly bigger than the sum Y.t+j<n-N V^'PV^^, 
which in particular vanishes ifn<N. As we shall see below, the PBW property will be 
the exact condition in order to avoid this phenomenon. 

We shall now consider the associated graded algebra gT(?7) to the previous 
filtration. First, we state the following direct results. 

Lemma 2.2. IfS ~ ®i£na^i '^^ No-graded k-algebra and F*S is the filtration induced 
by the grading of S, i.e. F'S* = ^j^qSj, then there exists a canonical isomorphism 
t : S* — > gr(S') of No-graded k-algebras, such that the restriction t|s; : Si — > F'S/F'~^S 
is the canonical V-linear isomorphism. 

Proof. Easy. □ 

Since tt : TV — > [/ is a morphism of filtered algebras, it induces a morphism of 
graded algebras gr(7r) : gr(r\/) gr(f^). Moreover, the filtration of U is induced 
by the filtration of TV, so gr(7r) is surjective. On the other hand, since the filtration 
of TV comes from a grading on the tensor algebra, we see that there exists a 
canonical isomorphism l : TV ~ gr(TF), by Lemma 12.21 So we may consider 
the surjective morphism of graded fc-algebras given by the composition gr(7r) o 
L : TV gr(t^)/ which we shall call 11. It is easy to see that n(i?) = 0, since 
l{R) = P/F^~^. Hence 11 induces a surjective morphism of graded fc-algebras 
p : A ^ gT{U). We say that U satisfies the PBW property or that U is a PBW- 
deformation of A if p is an isomorphism. 

Remark 2.3. lfk~F is afield and V is a finite dimensional vector space over k, p is an 
isomorphism if and only if there exists an isomorphism of graded k-algebras A ~ gr(C/). 
This is proved as follows. One direction is obvious. Let us assume that there exists an 
isomorphism of graded k-algebras A ~ gT(t/). Since V is finite dimensional, A (and a 
fortiori gr([/)) is evidently locally finite dimensional, i.e. each homogeneous component 
is finite dimensional. Hence, since p is surjective, each restriction ofp to a homogeneous 
component is surjective, so bijective. Therefore, p is an isomorphism. 
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The morphism p can be more concretely described as follows. We just need to 
consider its restriction to Ai {i € No). First, we see that 



where we have used that F'^^ n (P) = (F' n (P)) n F*"^ and the Second and 
Third Isomorphism Theorems. Then, is induced by the fc'^ -linear morphism 
Y<»i _^ FY((F*n(F)) + F'^^) ~ gr(/7)i given by the composition of the canonical 
injection V'^' F' and the canonical projection F'' ^ F''/{{F' n (F)) + F'^^). So 
it is easy to see that U satisfies the PBW property if and only if 

((F) n F") + F"-i = ((i?) n F") + F""\ 

for all n G No, which is equivalent to 

(F) nF" c ((F) nF") +F"-\ 

for all n e No. 

As noticed by R. Berger and V. Grnzburg (see 121, Prop. 3.2), the filtered alge- 
bra U satisfies the PBW property if and only if (F)" = Y.^+J<n-N V^'PV^^, for 
all n e No (in fact, it is sufficient to prove the equality for n > N — 1). Moreover, 
if we denote J„ = T,;+j<n-N V®'PV^\ for n G No, Prop. 3.3. in [2j states that U 
satisfies the PBW property if and only if J„ n F"^^ = J„_i, for all n G No (or just 
n > N). The identity Jn n F^~^ = Jat-i is simply 

FnF^-i=0, (2.1) 

whereas Jn+i H F^ ~ Jjy is easily equivalent to 

(y (sP + P(g>v)nF^ c P. (2.2) 

From now on we shall suppose that identity H2.H holds, which implies that the 

map ttn : F^ ysN gjygg isomorphism between F and R = 7rjv(F). Then 
there exists a fc'^-linear map ip : R ^ pN-i gm^j-^ ^hat id — (ys is the inverse of ttat |p, 
i.e. P = {r — (p{r) : r G R}. We further write, = Y^^=o Vjf where ipj : R ^ V^^ 
is the composition of (p with the canonical morphism F^^^ y^i ^ Then it is 
easy to see that identity l|2.2t is equivalent to (see |j2l. Prop. 3.5) 

(V? ® ly - ly ® ip){Rn+i) C P, 

or equivalently (see 111, Prop. 3.6) 

(<^7V-l ly - ly ® <<5Ar-l)(FAr+i) C F, (2.3) 

V'o o {if N-1 ly - ly ® (Pn-i){Rn+i) = 0, (2.4) 
(^j o (^jv-i ly - ly ® ipN-i) + {fj-i ® ly - ly ® V3j_i))(FAr+i) = 0, (2.5) 

for < j < iV. 
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Definition 2.4. Given a filtered algebra U = TV/{P), where P c , such that 
(IZH , | |Z3t , l lZSt flnrf ||23) /!o/d, zfe say f/zat [/ /s a weak PBW-deformation 0/ A = 

TV/{R), where R = ^^{P). We remark that each weak PBW-deformation U of A is 
provided with a surjective morphism of graded algebras p : A ^ gi'(t^)- Given two weak 
deformations U and U' of A (with induced morphisms p and p', respectively), they are 
called equivalent if there exists an isomorphism of filtered algebras g : U ^ U' such 
that gT(g) o p = p' . 

It is immediate to see that a PBW-deformation is a weak PBW-deformation. 
Using considerations of deformation theory a la Gerstenhaber we shall provide 
another proof of the converse as a consequence of Theorem 13.11 when A is an iV- 
homogeneous algebra satisfying that Tor;^(fc, k) is concentrated in degree iV + 1 
(c/. Ha, Thm. 3.4). 

2.2 Graded deformations in the sense of Gerstenhaber 

Let us now briefly recall the definition of a graded deformation and some results 
that we shall use in the sequel. Most of what we will present is implicit in the 
work of M. Gerstenhaber (see fP[, Sec. 1.2-1.5), and it is explained in more detail 
by A. Braverman and D. Gaitsgory in ||4). We would like to remark, however, 
that we are working over a not necessarily commutative ring k and this situation 
needs more sophisticated tools (c/. fS], Sec. 2, where the author is dealing with 
the case k = C[G] or more generally k a separable C-algebra, in order to assure 
that the Hochschild cohomology over k coincides with that over C). 

In what follows, we consider k[t] as an No-graded fc-algebra such that deg(t) = 
1 and t is central. Given a fc-bimodule V, we shall denote by V[t] the fc[i]-bimodule 
with elements J2iei ^'^^ ""^ ^ ^ finite subsets / C No, provided with the 
action ct"(^.gj Wji')c't" = Y^iai c.Vi.c't^+'^+'\ for c, c' G k. 

If A denotes an No-graded associative fc-algebra and i G N, an i-th level graded 
deformation of A means a graded fc[i]/(t*+^)-algebra structure on the k[t\/{V^^)- 
bimodule Ai = ^[t]/(f'+^) such that the identity Ai/t.Ai ~ ^ is an isomor- 
phism of graded algebras. By a (polynomial) graded deformation of A we mean a 
graded fc[<] -algebra structure on the fc[t]-bimodule At — A[t] such that the identity 
At/t.At ~ A is an isomorphism of graded algebras. In the previous definitions, 
we are always using the obvious graded fc'^-linear map A ^ Ai — 
(resp., A ^ At = A[t\) given by a i-> a. We will usually denote the product of Ai 
(resp. At) by x * (resp. x ), which can be written as 

i 

a X* 6 = a6 + ^ i/'/i(a, 6)t'' (a x 6 = a6 + ^ i}jh{a, 6)i''). 

h=l h&i 

Since ■iph has degree —h, we must note that the sum for x is finite for any pair of 
homogeneous elements a and h\n A. We remark that iph may be considered as an 
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element of T-LomA" {C2{A), A), and that the associativity of x is equivalent to 



dtPi = 0, 



(2.6) 



-dip-i+i{a,b,c) = ^(-0i(a, V'i+i-i(&,c)) - -0i(-0j+i-i(a, 6), c)), for j e N. (2.7) 



The right member of the last equation is usually denoted by sq(V'i, • ■ • ,ipj){a,b,c). 
We note that there exists a trivial pol5momial deformation of A given by the trivial 
product on A[t], i.e. such that {at"') Xq {aT) = {a.a')f^+'\ for a, a' € A and 
TO, 71 e No. 

Given a filtered algebra B with filtration {F*i3},gNo/ we recall that the Rees 
algebra associated to it is the graded fc[f;]-algebra 



which is considered as a subalgebra of B\t\ provided with the trivial product Xq 
(in this case B is concentrated in degree zero). We remark that the imder lying 
graded algebra structure of R{B) is ®,enoF'B with the product induced by that 
of B. Itiseasytoseethati?(B)/(t - A) ~ B, for A G fc"^ nZ(fc) such that its action 
on B is central {i.e. Xb = bX, for all b e B) and R{B)/{t) ~ gr(B) (c/. |iJ, Cor. 2.3.8, 
whose proof can be applied also to this case). Moreover, R{—) defines a functor 
from the category of filtered fc-algebras to the category of graded fc[t] -algebras. 

We would like to make some remarks about the algebra At/ {t — 1) (or about 
the algebra At/ {t — A), with A G fc^ n Z{k) such that its action on A is cen- 
tral, to which the following arguments also apply). There exists a fc^-linear map 
A — At/ {t ~ 1) given by the composition of the canonical injection A At and 
the projection At ^ At/ {t — 1). We consider the filtration on At/ (t — 1) induced 
by the filtration of A imder the previous map. We remark that the filtration of 
At/ {t ~ 1) induced by the filtration of At that comes from the grading is trivial. 
We shall see that the associated graded algebra of At/ (t — 1) is isomorphic to A 
as graded algebras. This is proved as follows. We consider the fc^-linear map 
p' : At ^ A (not an algebra map) given by X]j1o%^'' ^ SjLo'^J - im- 
ially verified that p' respects the filtrations coming from the gradings, and that 
p'{{t — l)b) = 0, for any b G At, so it induces a morphism of filtered fc-bimodules 
p* : At/{t ~ 1) — ?► A, which is obviously surjective and injective. Its inverse is 
just the aforementioned map A — !> At/{t — 1). Hence it induces an isomorphism 
of graded fc-bimodules p : gr(j4f/ {t — 1)) — !> gr(A) ~ A (the last isomorphism by 
Lemma 122). Now, if we denote the product of At/(t — 1) by x i and taking into 
account that the product of two elements a,b G Ain At/{t — 1) is given by 



and the degree of ipj is —j, we see that p is an algebra morphism, so an isomor- 
phism of graded algebras. This further implies that, if A is generated by the 



4=1 



R{B) = b, f : I is finite and b, G F'B}, 
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image of the fc*^ -linear map V ^ A, then At/{t — 1) is generated by the image of 
the composition ofV^A and the fc'^-linear map A ^ At/{t — 1). 

The importance of the algebra At/ {t — 1) is explained in the following propo- 
sition. 

Proposition 2.5. Let Abe a graded algebra and let At be a graded deformation of A. 
Then, there exists a canonical isomorphism of graded k[t]-algebras R{At/{t — 1)) — > At, 
such that the induced morphism A ~ R{At/{t — At/[t) ~ A is the identity, 

where A ~ R{At/{t — l))/{t) is given by the composition of the inverse of p and the 
canonical isomorphism of graded algebras gT{At/ {t — 1)) ~ R{At/{t — l))/{t). 

Proof. We first remark that we are going to identify At/{t — 1) with A as k^- 
bimodules imder the previous filtered fc'' -linear isomorphism A — !> At/{t ~ 1), 
so we will denote the elements of this last algebra by elements a of A. We will 
continue denoting the product of At/{t — 1) by x i and we remark that, if a,b G A 
are of degree i and j respectively, then 

i+j 

a Xib — ah + ^ iph (a, 6) , 

h=l 

since iph has degree —h. Under this identification, the homogeneous i-th compo- 
nent of R{At/(t — 1)) is just (B'j^oAj. So the elements of R{At/{t — 1)) are sums 
of elements of the form UiP for j > i > 0, with a; £ Ai. 

We recall that the elements of At are sums of elements of the form for 

hj > 0, for Gi £ Ai. 

We now define the map com : R{At/{t — 1)) -+ At given by the linear exten- 
sion of 

ait-' H- > ait-'^^. 

It is trivially verified that com is an isomorphism of graded fc[t]-bimodules. In 
order to prove that it is a morphism of algebras, we only need to show that 

com{{ait^) Xi {hit™-)) = com.{ait^) x com(6;i™), 

for Oi, 6; £ A of degree i and I respectively, and i < j and I < m. The left member 
is given by 

i+l 

com((a,i^) xi = com((a, Xi 6;)^^'+™) = com((a,6, + ^ 

h=l 

i+l 

= com(a,6,i^+™) + ^ com(V',,(a„ bi)t^+™) 

h=l 
i+l 
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where we have used that iph has degree —h. On the other hand, the right member 
is given by 

coni(a,tJ) X com(6,t'") = {a,t^-') x 

i+l 
h=l 

i+l 

where we have again used that iph has degree — /i. Hence, com is an isomorphism 
of graded fc[t]-algebras. It is clear that the induced map A ~ R{At/{t — !))/(<) — >■ 
At/{t) ~ A is the identity. □ 

Let E{A) denote the groupoid of all graded deformations of A where the mor- 
phisms are by definition isomorphisms of graded fc[t] -algebras, such that the in- 
duced morphism of A ~ At/t.At is the identity. Analogously, let Ei{A) denote 
the groupoid of all i-th level graded deformations of A. Given z e N, we denote 
by Fi the fimctor from E{A) to Ei{A) given by reduction modulo i.e. if At is 
a graded deformation of A, then Fi{At) = At/t^^^At and the definition on mor- 
phisms is the obvious one. Moreover, given i < j natural numbers, we denote 
by Fi^j the fimctor from Ej (A) to Ei (A) given by reduction modulo t*+^, so if Aj 
denotes a j-th level deformation, Fi^j{Aj) = Aj/f^^^Aj and for the morphisms 
it is obvious. 

The following lemma is trivial (c/. fH, Lemma L3). 

Lemma 2.6. The collection of functors Ft define an equivalence between the category 
E{A) and the inverse limit of the categories Ei{A) with respect to the functors Fi^j. 

Given an i-th level deformation Ai of A, a continuation to an {i + l)-th level defor- 
mation of Ai is an {i + l)-th level deformation Ai+i of A such that i^i<i+i (Aj+i) = 
Ai. Given two continuations A^+i and A[j^-^ of Ai to an {i + l)-th level defor- 
mation, a morphism / from Ai^i to A'j_|_i is a morphism in Ei+i{A) such that 
Fi<i+i{f) = Iai- The following proposition is also immediate (cf. lH, Prop. 1.5, 
or il, 2.6). 

Proposition 2.7. (a) The set of isomorphism classes of objects ofEi (A) can be canon- 
ically identified with HH\A)^i. 

(b) Let Ai be an object ofEi {A). Then the obstruction for its continuation to an (i + 1)- 
th level deformation lies in HH^{A)-i-i. 

(c) Let Ai be as in (b). Then the set of isomorphism classes of continuations of Ai 
to an {i + l)-th level deformation has a natural structure of an HH^{A)-i-i- 
homogeneous space. 

Finally we state the following proposition, which is analogous to Prop. 3.7 of 

11. 



20 



Proposition 2.8. Let A be an N-homogeneous algebra that is Koszul. Then, 

(i) the functors -Fi-i<i : Ei{A) — > Ei^i{A) are injective on isomorphism classes of 
objects for i > N, 

(ii) the functors Fi^Ki are siirjective on isomorphism classes of objects for i > N +1. 

Proof. It is easy to see from the bimodule Koszul complex that HH^^{A) vanishes 
for i > N. Hence Proposition 12 . 7f c) implies (i). Analogously, HH^^{A) vanishes 
for i > iV + 1, so Proposition 12 . 7r b) implies (ii). □ 

In what follows, we shall only consider graded deformations such that the 
unit of the original fc-algebra is also a imit of the deformed algebra. This is 
equivalent to ask that the 2-cochains actually belong to ?^om^e(C', (A), A). 
We shall say that such graded deformations preserve the unit. Since any graded 
deformation is equivalent to another one preserving the imit (because the com- 
plexes 'HomA'i[C,[A),A) and 'HomA<'{C,{A), A) are quasi-isomorphic, and the 
equations < |2.6t and \2.7) for both complexes are preserved under the correspond- 
ing quasi-isomorphism), there is would be no loss of generality in restricting to 
such a situation. 

2.3 From deformations to weak PBW-deformations 

After having recalled the basic definitions and results we shall provide a link 
between both concepts. From now on, we stress the fact that we assume that 
that the graded fc-algebra A is of the form TV/{R), where V is considered to be 
concentrated in degree 1 and R C y^'^ , for N > 2 satisfying the assumption that 
Tor^(fc, k) is concentrated in degree + 1, so we may use the considerations of 
Section[T] First, we set some notation: if ^' : W ^ A denotes a fc'^-linear map, we 
shall denote tp"" : A(E)W(E)A A, its unique A'^-linear extension. A fc'^-linear map 
t/j : (A/fc)®^ — !• A is called normalized if it vanishes on normalized elements, i.e. if 
ip{a^b) = 0, whenever a,b € 1+ A/k are homogeneous elements satisfying that 
deg(a) + dcg(fe) < N. Further, we say that ip is extranormalized if it is normalized 
and if it vanishes on relation decompositions. We shall also say in this case that 
^/^i^ is normalized or extranormalized. 

Let us now consider a graded deformation of A given by 

a X b = a.b + b)t^ , 

i>i 

where ipi : (A/fc)®^ — > A are normalized fc'^-linear maps (see Lemma l2.12t . We 
remark that tpi is a morphism of degree —i, and we have that the associativity of 
X is equivalent to (12. 6t and l|2.7t . 

We set f'^^j = ipj" o 5^2/ for j = 1, . . . , A^. We point out that the grading 
implies that t/jf o (j2 vanishes for j > N. We shall see that, once we assume that 
(12. 6t and (|2.7t hold, the induced morphisms tpN-j '■ R ^ F^"^ satisfy the weak 
PBW property expressed in (|Z3t , dZSt and (|Zit . 

Let us first prove ( 12. 3t . We shall state a simple fact that we shall use in the 
sequel. 
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Fact 2.9. Given f : R ^ Aa k'^-linear map, then dtp : Rn+i — > A satisfies that 

dip ~ (ly ®ip - Lp® ly), 

where we remark that the map {ly ® (p — ^p® ly) is defined from Rn+i to A. 
Proof. If It; = riUi = ViSi e Rn+i, then 

d(p{w) = dip^{l\w\l) = o d3)(l|w|l) = (^~(ui|r,,|l - l\si\u,) 
= Vi(p{n) - V3(sj)u, = (ly (g) (g) 

We note that (12. 6t implies the equality 

d'PN-i = rf(V'r o 0-2) = v-'r ° ^2 o ^3 = '0r ° ^3 o 0-3 = d^'r ° 5-3 = o. 

Hence, Fact 12.91 implies that (ly (g (ys^v-i - y^N-i ® = 0. So, when we 

consider {1v®'Pn-i~'Pn-i®^v) asamapfromi?Ar+i to V®^ , we get Il2.3t . More 
precisely, we see that equation Il2.6ll composed with is equivalent to equation 



□ 



Let us now prove (12. 5t and (|2.4t . We shall need the following simple fact. 

Fact 2.10. if V • (A/k)^^ — > A is a normalized cocycle and 7 G F®^, tten it holds 
that V'(7(i): 7(2)) = "0(7(1): 7(2))- More generally, let us suppose that ijji, . . . .ipj : 
(A/fc)®^ A are normalized k'^-linear maps such that —dipj ~ sq{ipi, . . . 
Hence, if -f(£ F®^, we see t/iaf ?/>j(7(i), 7(2)) = V'j(7(i), 7(2))- 

Proof. It is obvious that the second statement generalizes the first one, but we 
give a detailed proof of both. In the first case we note that, since ip is a cocycle, 

= dV'(7(i),7(2),7(3)) = 7(i)'0(7(2),7(3)) - -0(7(1)7(2), 7(3)) 
+ ■0(7(1), 7(2)7(3)) - ■0(7(1), 7(2) )7(3) 
= -0(7(1), 7(2)) + 0(7(1), 7(2)), 

where we have used the normalization of in the third equality. 

Now we prove the second statement. On the one hand, just as before we have 
that 

c^0i(7(i),7(2),7(3)) = 7(i)V'j(7(2),7(3)) - V'j(7(i)7(2), 7(3)) 
+ i^j (7(1) , 7(2)7(3) ) - 0j (7(1) , 7(2) )7(3) 
= -0j(7(i),7(2)) + V'j(7(i),7(2)), 

where we have used the normalization of t/jj . On the other hand, 

sq(i/'i,. . . ,-0j_i)(7(i),7(2),7(3)) 
i-i 

= X!(^*(^(l)'^i-'(^(2)''y(3))) - V'i(0^j-«(7(1),7(2)),7(3))) = 0, 
i=l 
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since ipi,. . . , V'j-i are normalized. Hence our statement follows. 



□ 



Using Fact|Z9]for (^jv-j (0 < j < N) we see that 



(2.8) 



Besides, (sq(?Ai, . . . j-iAj)" ° f3)(l|w|l) is equal to 



sq(i/'i, • ■ • ,'0j)"'(l|Wi|s«,(l)|Si,(2)|Si,(3)) 



1=1 

3 



= ■'/'j(l'«,V'l(Si,(l),Si,(2))) - '0j(V'l(''»,(l),''i,(2)),'"i)- 



where we have used in the third equality the normalization of V'l , • ■ • , V'j ■ In the 
last equality we have used the following simple fact: i/'j+i-i has degree — [j + 1 — 
i) = z — j — 1, so V'j+i-i applied to an element of degree N gives an element of 
degree TV + i — j — 1. In consequence, the elements Vi ® ipj+i-i{si,{i),Si^(^2)) and 
?Aj+i_i(fi,(i), ri.(2)) ® Mi have degree N + j — i < N (for i < j) and the degree is 
exactly N if and only if « = j. The normalization of ipj forces only to consider the 
terms with degree N and the last equality follows. 

Now, using Fact |2l0] we see that ?Ai(fi_(i),ri_(2)) = ^j,(2))- Further- 

more, by its very definition, i^Ar-i(r) = ^(2))/ for any r E R. Therefore, 

(sq(V'i, . . . jV'j)^ ° ^3)(l|w|l) = il}.j{vi,ipN-i{si)) - il:j{ipM^i{ri),Ui). 

We need to compare the previous expression with ipN-j ° (ly o fN-i — fN-i <8) 
as we shall proceed to do. We first note that (fN-j ° (ly <8) <PAf-i — 'fN-i fH* 
lv){w) is given by 

(pN-jiVt(g)(pN-l{St)) - (pN-ji^N-lin) Ui) 




■07(l|"i"«,(l)l"i,(2)|ai,(3) - l|/3i,(l)IA,(2)IA,(3)"» - 
■'/'j('"iai,(l)'°^^(2))"j,(3) - '0j(ft,(l).ft,(2))A,(3)Wi - 4>]{Pi,Ui) 
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where we have considered in the third member that Vi^(pN-i{si) — (pN^i{ri)0Ui 
is an element of R, we have used the normalization of ipj in the fourth equality, 
and Fact |2.10] in the first term of the penultimate member This implies that 

(sq('(/'i, • ■ -^ipj)^ o a-3)(l|w|l) = ipN-j o (ly ® ^n-i - ^n-i ® ly)(w)- (2.9) 

Now, from equations | |2.8| | and | |2.9t we see that equation \2.7\ composed with 
(T3 (for j = 1, .... — 1) is exactly | |2.5t . The case of identity H2.7|l for j = N leads 
exactly to equation \2A\ , since dT/iJv+i o (^s = by degree reasons. 

We have thus proved the following result. 

Proposition 2.11. Let x he a graded deformation of A given by 

a X b = a.b + ^ ipi{a, b)t\ 
i>i 

where ipi ■ (A/k)^^ — > A (resp. ip!^ : C'2(A) A) are normalized k^-linear maps(resp. 
A'^ -linear maps). We define ip^_j = "ipj ° ^2, for j = 1, . . . ,iV. Then, the induced 
morphisms (fN-j ■ R -> F'^~^ satisfy the weak PBW property expressed in (12.311 , i2.5\ 
and (|Z4|| . 

Even though we have considered graded deformations given by normalized 
maps, the following lemma shows that the assumption is in fact unnecessary. 

Lemma 2.12. Let A he an N-homogeneous algebra such that Tor^(fc, k) is concentrated 
in degree + 1. Then, any graded deformation of A is equivalent to a deformation 
preserving the unit given by normalized maps. 

Proof. Let At be a graded deformation of A given by a collection of maps {ipj : 
(A/k)®'^ — !• (each of degree — j) which define a product x. We only need 

to show that there exists another graded deformation given by maps {ipj ■ 
(A/k)^"^ — > yl}jeN such that the first N maps ip'^, . . . , Vat normalized, for the 
{ipj}j>N are always automatically normalized by degree reasons. 

Using the main property (ll.lSt of the homotopy s,, we see that ipi ~ tpi o 
^2 ° T2 = d{tpi o Si). It is clear that ip^ o (T2 o f2 is normalized. Let us define 
ai : A ^ A the map induced by i/'r ° si- So we see that exp(toi) gives an 
equivalence from the algebra {At, x) to another deformation {Aj, Xi) of A given 
by the maps {V'i : A^^ A}.6N such that (tpl)"' ~ "05" o (T2 o 1=2 is normalized. 

We proceed now by (finite) induction. Let i < N and let us suppose that At 
is equivalent to a deformation Al given by a collection of maps {t/jl : (A/k)®'^ — > 
j4},gN such that 'ipl are normalized for • <i. Using again (11.151 , we conclude that 

{i^UiT - m+iT ° o 72 - sq(0i, . . . , ° = dm^.r ° ^i)- 

Also, it is clear that (V'J+i)" o 0-2 o f2 - s<i{ip\, ■ . ■ , ipl)"' o S2 is normalized (each 
summand is obviously so). Let us define a^+i : A A the map induced by 
o si. This tells us that exp(i*+^ai+i) gives an equivalence from the alge- 
bra {A], Xi) to another deformation (AJ"^^, x^+i) of A given by the maps {V'i^^ : 
(A/fc)®2 ^ A},efi such that 1^]+^ = for j < i and the map (iplXl)^ = 
(ipl+i)^ o 0-2 o f2 - sq(V'l , . . . , V'i)"' ° ■S2 is normalized. □ 
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2.4 From weak PBW-def ormations to deformations 

Now, we shall give an inverse construction, which is a little more complicated. 
Let us suppose that Lp = Y^^^q fj, (pj : R y^^, gives a weak PBW-def ormation 
of an A^-homogeneous algebra A satisfying that TorJ^(fc, k) is concentrated in de- 
gree iV + 1. We shall construct a (possible infinite) sequence of normalized maps 
{-0j }jeN, where ipj : (A/fc)®^ ^ A, such that 

a X b — a.b + ^ il>i{a, b)f 
i>i 

is a graded deformation of A. 

First, we define = 'fiN-j ° ^2 for j = 1, . . . , A^, and zero otherwise. 

We note that ipj is a normalized homogeneous morphism of degree — j for j = 
1,...,N. 

We note that i/j'i is a cocycle since 

dii^'i)^ = 'Pn-i o t=2 o 63 = o da o 7=3 = dip'^_^ o 7=3, 

and Fact 12.91 tells us that the evaluation of the last expression at l|w|l, for w s 
Rn+1, is equal to the element of A given by {ly ® 'Pn-i — fN-i ® ^v){'w). The 
identity (12. 3t says that this element vanishes, so d{ip[)^ = 0. We define ipi = V'l- 
We will proceed recursively on j G N. Let us suppose that we have defined 
ipi, . . . such that ip^ — (V'D^ is an extranormalized fc"^ -linear map of degree —i 
for all i = 1, . . . , j, and that 

-di'i+i = sq(^i, 

holds for alH = 0, . . . , j - 1. We will denote 77^ = — (ipi)^- 
We shall now prove that 

- d{i'j+iy 00-3 = sq(V'i, . . . , t/jj)" o 0-3. (2.10) 

Let us as usual consider w = r^u^ = u^Si e Rn+i- On the one side, o 
a-3)(l|u'|l) is equal to 

d(V'j+l)"'(l|Wj|Sj,(l)|Sj,(2)|Si,(3)) = ('0j + l)'"(«i|Sj,(l)|Sj,(2)|Si,(3)) 
- {i^j+lyiMv^S^Xl)\s^^{2)\s^^{3)) + (V'j'+l )~ (1 1«» I 1 1) 
= 'yiV'j + l(Sj,(l),Sv(2))Sj,(3) - '0j + l(WiSi,(i), Si,(2))Si,(3) 
= Wi'0j + l(Sj,(l),Si,(2)) - V'j+l(VjSi,(l),Si.(2))'Si,(3) 

= ^'i'0j + l(Si,(l),Si,(2)) - V'j+l(ViS^(l),Si,(2)) " V'j + l(WiSi\(l),Sj,(2))«i,(3) 
^ ^ ^ ^ ^ ^ 

dog(si,(3))=0 dcg(si(3))>0 
= 'yi''/'j + l('Si,(l)'^^(2)) ~ V'j+l(WiSi.(l),Si,(2)) - V'j + l(«jSi.(l),Si,(2))Si,(3)' 

" V ' V ' 

dog(Si,(3))=0 deg(Si^(3)) = l 
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where we have used Fact 1 1.2 1 in the second equality, that Si vanishes in ^ in the 
third equality, and that V'j+i is normalized in the fourth and sixth ones. Moreover, 
since WiSi,(i) Si^(2) = (g) m, we see that 

V'j + l(l'iS»,(l),S»,(2)) =ipj + i{n,Ui) =0. 

Also, taking into account that if deg(sj (3) ) = 1, then 

WiSi^(l) (g) Sj^(2) Si,(3) = ri^(i) (g) fj^(2) (g) Ui, 

we obtain that t/j^-^i (fiSj,(i) , Sj,(2))si,(3) = "0^+1 (riXi) > ^»,(2))"»/ so 

+ 0-3)(l|u;|l) = 'yi'0j-+l(s,,,(l),Si^(2)) - V'j + l(''i,(l),^'i,(2))'"j- 

By its very definition, V'j(''(i)7 ^(2)) = fN-jir), for all r e i?, j = 1, . . . , A^. There- 
fore, 

Wj'+l)" °a-3)(l|w|l) =i;,(/7Ar_j_i(s,) - (/3Ar_j_i(r,)w, 
= (ly (g) (^AT-j-i - (pN-j-1 ® 

On the other side, {sq{ipi, . . . , V'j)'" ° ''■3)(1|^"|1) is equal to 

sqitpi, . . . ,'0j)~(lK'i|si,(i)|sj,(2)|s»,(3)) 
J 

i=l 
3 

= ^{i>^{v^,^^)J + l-i{s^^(l),Si^(2))) " V"* (V'j + l-i ("i , S»,(l) ) , S»,(2) )) 
i=l 
3 

= ^{'^^{v^,■4^] + l-i{s^^(l),Si^(2))) " V'i (V'j + l-i (^'i, (1) ' ^^(2) ) ' 
i=l 

= '(/'jlWi, -01(5^,(1)' ^i:(2))) - V'j(V^l(^i,(l),?'»,(2))''"i)' 

where we have used in the third equality that V'i is normalized. In the last one 
we have used the following simple fact which we have already explained: i/'j+i-i 
has degree — (j + 1 — i) = i — j — 1, so V'j+i-j applied to an element of degree 
N gives an element of degree N + i — j — 1. In consequence, the elements Vi g) 
s»,(2)) and il}j+i-i{f^,(i),ri^(^2)) ® u, have degree N + j - i < N (for 
i ^ j) and the degree is exactly if and only if i = j. The normalization of tpj 
forces only to consider the terms with degree N and the last equality follows. 
By its very definition, ?/;i(r(i),f (2)) = -01(^(1)- ^(2)) = (pN-i{r)Jorr e R,so 

(sq(i/'i, . . ° ^3)(l|w|l) = ipj{vi,ipN-i{si)) - il:j{ipM-i{ri),Ui). 
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Thus, (sq(V'i, . . . ocr3)(l|w|l) is given by 

1pj{Vi (g) ipN-liSi)-ipN~lin) (E)U.i) 

= iv^N^, o T2 + r]'^){l\Vi (g) ipN~l{si) - ipN~l{n) (8) Mill) 

^ . ' 

= iVN-i ° T'2)iMvi ® ifN^liSi) - ipN^liri) (g) Ui\l) 

V ' 

where we have used that, by identity (12. 3t , (8) </3jv-i(si) — (/3jv-i(?'i) CS" can be 
seen as a relation decomposition of an element r of i? in the second equality, and 
that 77~ vanishes over it in the third equality Finally, in the penultimate equality 
we have used that 

f2(l|Wi ® (pN-l{si) - ipN-lin) ® Ui\l) = l\{Vi 8) IfiN^liSi) - (pN-lin) (8 Ui)\l, 

where in the first member Vi (g) (fN-i{si) — fN-iifi) (g Ui is seen as an element 
of A**^, whereas in the second one it is regarded as an element of R. This thus 
implies that 

(sq(^/'i, . . . , tpj)~ o d-3){l\w\l) = LpN-] ° (Iv o Vw-i - '/'w-i ® (2.12) 

Now, since l|23), (|23) and ||23) hold, and putting together ||21T]| and l|Z12ll , 
we see that equation (|2.10t holds. The standard identity (|1.15t for the homotopy 
s, tells us that 

rf(V'j+i)"' o (lc3(A) -0-30 7=3) = d(-!/;^-^;^)'" o (64 o S3 + S2 o 63) 

= d(i/'j+i)~ o S2 o &3 = d{d{^-''j+iT o S2), 

so 

'^(V'j + l)" °-f3 = '^('0j + l)'" - d{d{lpj^j^)^ OS2). 

Also, we see that 

sq(^i, . . o {lcs(A) -0-30 T3) = sq(V'i, . . • , V'i)" o (&4 o S3 + S2 o ^3) 

= sq(V'i, . . • , V'i)" o S2 o 63 
= d(sq('0i, • ■ ■ i^Ai)" o S2), 

z.e. 

sq('0i, . . ■,ip3)" o 0-3 of3 = sq(V'i, . . . ,'0j)"' - d{sq{ipi, . . . o 52)- 

Now, equation 112.101 yields that 

-d((V'j+i)"' - (rflV'j+i)" 0S2+ sq(V'i, . . . , V'j)"' o S2)) = sq(?/>i, . . . , ?/>j)~^. 
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We define = o + sq(V'i, • . . , o S2 and V^+i = H'j+i)^ - 

Vj+i- It is easy to see that 77^^ has degree —j — 1. We just need to prove that 
it is extranormalized in order to end this recursive process, since V'^i defines a 
continuation of the j-th level deformation defined by tp^ , . . . , 

Let us prove that f]j+i is extranormalized. For this, consider l|ai|6i|l S 6*2 (A) 
to be normalized or a relation decomposition. Then, o S2){l\ai\bi\l) is 

equal to 

rf(V'j+i)"^(l|aj|&»,(i)|&j,(2) 1^^,(3)) 

= {'^pJ+l)^{a^\b^^{l)\b,^(2)\b^^{3) - l|aj^j,(i)l^i,(2)l&»,(3) + 

= ai?/'^-+i(6i^(i),&j,(2))foj,(3) - -0^+1(0^61,(1), 6i,(2))&j, (3) +'>Pj+i{ai,bi) 

-V'j+i(a»6j,(i),^j,(2)) + 0j-+i(ai,&») 
= -(/?w-i-i(T2(l|ai&i,(i)l^^(2)|l) ~ T=2(l|a,|6^|l)), 

where we have used Fact ll.2l in the first equality and the normalization of V'j+i on 
the fourth equality. By definition, we see that f2(l|ai6i_(i)|6i, (2) |1) = -f2(l|ai|6i|l) = 
if l|ai|5i|l is normalized and that f2(l|a.i5j_(i)|6i_(2)|l) = T2(l|ai|6i|l) if l|ai|5i|l 
is a relation decomposition. In any case, we conclude that rf(V'j+i)'" ° S2(l|aj|5i|l) 
vanishes. 

On the other hand, we get 

(sq(V'i, . . ■,ipjr ° S2){l\ai\b^\l) = sq(V'i, . . . , V'j)'"(l|a»|&j,(i)l^^(2)|6«,(3)) 
j 

= X! (('0»(»»''0J + l-i(^i,(l)'^»,(2))) - Ai'4'j+l-^iai,b^Xl)),b^X2)))bi,i3))^ 
i=\ 

which vanishes by the normalization of i/'j+i-i- Hence, ^ is extranormalized. 
We may summarize the previous results as follows. 

Proposition 2.13. Let U = TV/{P) be a filtered algebra, with P c , and let A = 
TV/{R), with R ~ ttn{P) C V®^ , be the corresponding N -homogeneous algebra, 
which we assume to satisfy that Tor'^(A:, k) is concentrated in degree TV + 1. We assume 
that U is a weak PBW-deformation of A, i.e. that (|2.1t holds and that the k'^-linear maps 
ipj : R ^ V®^ (for j = 0, . . . ,N — 1) which describe P out from R satisfy M.3\ , 
( |2.5t and (|2.4t . Set (V-'j)~ = ^N-j ° "^2 for j ~ 1,. . . ,N and zero otherwise. We 
define ipj : 6*2 (^) A for j G N recursively. First, ip^ = {ip{)^. For j € N, after 
having defined ipi,.. ., V'j, we set riy_^^ = o S2 + sq(?/'i, . . . , V'j)"' ° ^2 and 

i^j'+i = ^ Vj+i- Then the ip, are normalized morphisms that define a graded 

deformation of A. 

3 Main theorems 

The following theorems provide a description of the previous constructions at the 
level of algebras, which contains the one given in Sec. 4.6 in |4|, where the authors 
explored only one direction under the assumption of fc = a field. Moreover, we 
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also prove that conditions (12. It and H2.2t are equivalent to the fact that U satisfies 
the PBW property {cf. Thm. 4.1 of [4] and Thm. 3.4 of lH) . 

Theorem 3.1. Let A be an N -homogeneous algebra satisfying that Tor^(fc, k) is con- 
centrated in degree + 1. Let us consider a graded deformation At of a A, which we 
suppose to be given by normalized maps {ijjj : (A/fc)®^ ^}jeN- We apply Proposi- 
tion \2.11\ to produce maps {ipj : R —¥ V^^o<j<Nf ^nd to obtain thus a filtered algebra 
U — TV I {P), with P ~ {r — Y^^=o (r) ■ r E R}. Then, there exists an isomorphism 
of filtered k-algebras U ^ At/{t — 1). 

Conversely, let us consider a filtered algebra U = TV/{P), with P c and let 
A = TV/ {R), with R = t:n{P) C V"^^ , be the corresponding N-homogeneous algebra, 
which we assume to satisfy that Tor'^(fc, fc) is concentrated in degree + 1. We assume 
that U is a weak PBW-deformation of A, and define a deformation At of A following 
Proposition 12.231 We again see that there exists an isomorphism of filtered k-algebras 



is the identity. 

Proof. Since the proof is similar for both implications, except for some minor 
changes, we shall only treat each case separately when necessary. 

We consider the fc'^-linear map inc ■.V^At/{t — V), given by the composition 
of the inclusion V ^ A, the canonical map A At and the projection At 
At/ {t — 1). This induces a morphism of fc-algebras q' : TV — ^ At/ {t ~ 1). It is 
clear that q' respects the filtrations (where we recall that TV is filtered by i^'). 

We shall see that q'{P) = 0. In order to prove this statement, take r E R and 
let r — X^ilo^ fii''^) G ^' be a generic element. We will show that q' vanishes over 
it, using that the associated maps ip, are normalized. 

First, we remark the fact that, if a G V®^ , with j < N, then q'{a) — a, which 
can be proved as follows. It suffices to treat the case a ^ vi . . . vj, for vi,. . . ,Vj € 
V. By definition q' acts as the identity for j = 0,1. Let us thus assume that j > 2 
and prove the statement by induction on j. We assume that q' acts as the identity 
on F^^^ and we shall prove that it does the same on F^ {j < N). The inductive 
hypothesis implies that q' {vi . . . Vj-i) = vi x ■ • • x Vj-i ~ vi . . .vj^i. Hence, 

q'{vi . . . Vj) — vi X ■ ■ ■ X Vj = {vi X ■ ■ ■ X Vj^i) X Vj = (ui . . . x Vj 




= Vl . . . Vj^lV 



!j-l,Vj) ^Vi...Vj-iV. 



1>1 



since the maps ijj, are normalized. 

Now, take r = ^ . . . VN,i e R (summation understood). Then, 



q'{r) = Vi^i X ■■■ X VN,i = (wi,, X • • ■ X VN-l,i) X VNa = ■ ■ ■ VN-l,i) X VN,i 
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If we are considering the first statement, using that, by definition, (pN-i{r) = 
^Ji{ri,f2), for / = 1, . . . , A^, and by degree reasons i(-'i{ri,f2) = for / > N, then 
q'{r) = r + 'fiN-ii'i') = Si=o^ fii''')' since r vanishes in A and i = 1 in 

At/{t — 1). For the second statement, since vis ■ ■ ■ vn-is ® vna G is a re- 
lation decomposition we see that ■ ■ ■ vjy-is, wjv,i) vanishes, because it is 
extranormalized, and f2(l|ui^i . . . VN-i,i\vN^i\l) = ll^ll. Hence, 

Iplivi.i ■ ■ ■ VN-l,i, VN,i) = • • • VN-l,i, VN,i) = 

As a consequence, we again have that q'{r) = r + J2iLi fN-iir) = Z^zlo^ fii"!^)' 
since r vanishes in A and t = 1 in At/ {t — 1). Therefore, q'{r — X]i=o^ 'Pii''')) ~ 
and q' thus induces a morphism of filtered algebras q : U —j' At/ {t — 1). 
We will now prove that q is an isomorphism. Since 

AAgr([/) ''^\r{At/{t-l))AA 

is the identity, p is an isomorphism and p is surjective, we conclude that p is an 
isomorphism and gr{q) is also an isomorphism. Hence, q is an isomorphism and 
J7 is a PBW-deformation of A. □ 

Remark 3.2. The preceding theorem implies that At/(t — 1) may be seen as a PBW- 
deformation of A equivalent to U, where the morphism A gr(At/(t — 1)) zs the in- 
verse of p. Furthermore, by Lemma \2.12\ we see that the procedure in Subsection 12.31 
may be defined in the set of equivalence classes of deformations and it sends equivalent 
deformations to equivalent PBW-deformations. So it defines a map 

gp : {eq. classes of deformations of A} {eq. classes of PBW-deformations of A}. 

Theorem 3.3. Let A be an N-homogeneous algebra satisfying that Tor;^(fc, k) is con- 
centrated in degree N + 1. Let us consider a graded deformation At of a A by normalized 
maps : (A/k)^^ — > Aj^-gN- We apply the construction of Proposition \2.11\ to pro- 
duce maps {ipj : R V^®-'}o<j<Af/ awd to obtain thus a filtered algebra U = TV/{P), 
with P ~ {r — X^jLo Vji''') ■ ^ Then, there exists an isomorphism of graded k[t]- 
algebras R{U) At such that the induced morphism A ~ R{U)/{t) At/{t) ~ A is 
the identity, where A ~ R{U)/{t) is the map described in Subsection \2.2\ 

Conversely, let us consider a filtered algebra U — TV/ {P), for P c and let 
A ^ TV/ {R),for R = nN{P) c V^®^, be the corresponding N-homogeneous algebra, 
which we assume to satisfy that Tor^(fc, k) is concentrated in degree N + 1. We suppose 
that U is a weak PBW-deformation of A, and define a deformation At of A following 
Proposition \2.13\ We again see that there exists an isomorphism of graded k[t]-algebras 
R{U) -> At such that the induced morphism A ~ R{U)/{t) — > At/{t) ~ A is the 
identity, where A ~ R{U)/{t) is the map described in Subsection \2.2\ 

Proof. From Proposition 12.51 we see that, given any graded deformation At of 
A, there exists an isomorphism of graded -algebras com : R{At/{t — 1)) 



ipN~i{r), if 1 = 1,. 
0, else. 



.,N, 
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At- Since q : U — > ^t/(^ — 1) is an isomorphism of filtered algebras, R{q) : 
R{U) R{At/{t — 1)) is an isomorphism of graded fc[t]-algebras. The composi- 
tion como i?((jf) gives the desired isomorphism. Using the canonical isomorphism 

R{-)/{t) ~ gr(-), weseethat A ~ R{U)/{t) R{At/{t - 1)) ~ A identifies with 

A 4 gr([/) ^"^'^ gT{At/{t - 1)) 4 A, 
which we have already seen to be the identity. □ 



Remark 3.4. The preceding theorem implies that R{U) may he seen as a deformation 
of A equivalent to At. Moreover, it also says that the procedure in Subsection \2.4\ sends 
equivalence classes of PBW-deformations to equivalent deformations, i.e. it defines a map 

pg : {eq. classes of PB]N -deformations of A} — !> {eq. classes of deformations of A}. 

Theorem 3.5. By the previous theorems we see that the procedure performed in Sub- 
section |Z31 consists in At m- At/{t — 1) whereas the one done in Subsection \2.4\ is just 
U R{U), both up to equivalence. Thus Proposition \2.5\ Theorem \3l\ and Theorem [33\ 
imply that pg and gp are mutually inverse. 

We finish by exhibiting two examples. 

Example 3.6. Let k ~ F be afield, V = spanj.(a;, y) a k-vector space of dimension 2, 
and A ~ TV/ {[x, y]) a quadratic algebra, so R c V^^ has a basis formed by a unique 
element r ~ [x,y]. We note that R3 — 0. 

We can provide in this case the maps f,, for • = 1,2, in their complete domain of 
definition: 

Qi+C(2=n — 1 /3i+02=m-l 
ai+ct2=n2-l /3i+/32=mi-l 

Furthermore, the homotopies s,, for • ~ 1,2, are given as follows. The image of l\y^x™-\l 
under si is the class in 6*2 (^) of 

a+a2— n — 1 li-i+f52—yrL—l 

and the image of^y^-^x"^^ ly"^^™^ |1 under S2 is the class in C^{A) of 

E (l|2/"^+"^a;''^ \y\x\y°'^x'^^+^^ - l|j/"i+"ia:''i \x\y\y°'^x'^^+^^') 

Ql + 02 = "2 — 1 

/9i + ^2 = mi - 1 

+ l|y"ix"H2/"'l2/|y"'a;"^ + E l\y'''x'^'\y''''x^'\x\xf^\ 

cti+a2— n2 — 1 j3i-\-l32—m2 — l 
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Suppose that U = TV/{[x,y] — y). Note that the maps defining the filtration are 
ipo = and ipilr) = y, which obviously satisfi/ the weak PBW-property. A simple 
inductive argument then implies that the cochains defining the deformed product are 



On the other hand, ifU = TV/{[x, y] — 1), the so-called Weyl algebra, the maps 
defining the filtration are (poir) = 1 and ipi = 0, zvhich also satisfy the weak PBW- 
property. It is direct to prove in this case that the cochains giving the deformed product 
are of the form 

[o, else. 

Example 3.7. Let k — F be afield, V — span^,(a:;) a k-vector space of dimension 1, and 
A — TV/ {x^} an N -homogeneous algebra, so R c V^^ has a basis given by r = x^ . 
Notice that = spanj,(x"+^). 

In this case, the comparison map fi is actually given in | |TAUit in its complete do- 
main of definition Ci{A). As for f2, its full expression may be given by (see also 111); 



f2(l|x"H2^"11) 



0, else, 



where we consider \ < mi,m2 < N — \. Furthermore, the homotopy si is also given in 
l lSit in its complete domain of definition. On the other hand, the homotopy S2 is given by 
the obvious extension 



1=1 



where 1 < toi , m2 < — 1, and, as previously stated, we suppose that the right member 
lies in 6*3(^4). 

Let f = X^il^o^ ^i^^ S k[x] be a polynomial of degree less than or equal to N—1, and 
suppose that U = TV/ {x^ — f). As usual we assume that a; = 0, ifi ^ {0, . . . , A^— 1}. 
Note that the maps defining the filtration are (pi{r) — aiX^,for i ~ 0, . . . ,N ~ 1, which 
obviously satisfy the weak PBW-property. A simple inductive argument then implies that 
the cochains defining the deformed product are 



as one could have expected. 



ajv-ia;'"i+™2-', if mi +m2>N, 
0, if mi + 7Ti2 < N, 



32 



References 



[1] Buenos Aires Cyclic Homology Group, Cyclic homology of algebras with one generator, ii'-Theory 5 
(1991), no. 1, 51-69. Jorge A. Guccione, Juan Jose Guccione, Maria Julia Redondo, Andrea Solotar 
and Orlando E. Villamayor participated in this research. 

[2] Roland Berger and Victor Ginzburg, Higher symplectic reflection algebras and non-homogeneous N- 
Koszul property, J. Algebra 304 (2006), no. 1, 577-601. 

[3] Roland Berger and Nicolas Marconnet, Koszul and Gorenstein properties for homogeneous algebras, 
Algebr Represent. Theory 9 (2006), no. 1, 67-97. 

[4] Alexander Braverman and Dennis Gaitsgory, Poincare-Birkhoff-Witt theorem for quadratic algebras of 
Koszid type, J. Algebra 181 (1996), no. 2, 315-328. 

[5] Neil Chriss and Victor Ginzburg, Representation theory and complex geometry, Birkhauser Boston 
Inc., Boston, MA, 1997. 

[6] Gunnar Floystad and Jon Eivind Vatne, PBW-deformations of N -Koszul algebras, J. Algebra 302 
(2006), no. 1, 116-155. 

[7] Murray Gerstenhaber, On the deformation of rings and algebras, Ann. of Math. (2) 79 (1964), 59-103. 

[8] Iain G. Gordon, Symplectic reflection alegebras, Trends in representation theory of algebras and re- 
lated topics, EMS Ser. Congr. Rep., Eur Math. Soc, Zurich, 2008, pp. 285-347. 

Estanislao Herscovich (corresponding author), 

Fakultat fiir Mathematik, 

Universitat Bielefeld, 

D-33615 Bielefeld, 

Germany, 

leherscov@math.uni-bielefeld.del 
Andrea Solotar, 

Departamento de Matematica, FCEyN, 

Instituto de Matematica Luis Santalo, IMAS-CONICET, 

Universidad de Buenos Aires, 

1428, Buenos Aires, 

Argentina, 

lasolotar@dm.una.ar| 

Mariano Suarez-Alvarez, 

Departamento de Matematica, FCEyN, 

Universidad de Buenos Aires, 

1428, Buenos Aires, 

Argentina, 

.mariano@dm.uba.arl 



33 



